Sistemas de multiple grado
de libertad en vibraciones.

M. I. Yahvé Abdul Ledezma Rubio
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Ley de Hook

La fuerza que ejerce un resorte lineal es proporcional a la
deformacion que tiene a partir de su longitud natural y
en direccion contraria a la deformacion.
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“~Amortiguador viscoso

el

. F

La fuerza que ejerce un amortiguador viscoso es proporcional
a la velocidad de deformacion entre sus extremos relativos y
en direccion contraria a dicha velocidad.
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mx + cx + kx = F(t)









- 0, =xCos 0

Fxx = —klxCos 8 Cos 6
Fyx = —klx Cos 6 Sen 6



Fxy =—klySenf Cos 6
Fyy=—klySen6 Senb
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Fxx = —klxCos 8 Cos 6

Fyx = —klx Cos 0 Sen 6
Fxy =—klySen6 Cos 6

Fyy =—klySenf Senb

Zsz — fivx — Fyy

ZFyz —Fyx — byy
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ZFx= —Fxx — Fxy

ZFyz = By Fyy
2Fx=—kGCosHCosH—klySenHCosH

EFyz—kGCOSHSenH—klySenHSenH
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Z:Fx=—k1xC059C056—klySenHCosH

ZFyz—kGCOSHSenH—klySenHSenH

kxx = k1 Cos 8 Cos 6

kyy = k1 Sen 6 Sen 6
kxy = k1 Cos 6 Sen 6
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2Fx=—kGCosHCosH—klySenHCosH

sz=—k1xCOSHSen9—klySenHSenB

ZFx= — X kxx — vy kxy

ZFyz—xkxy—ykyy
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2Fx= — X kxx — vy kxy

ZFy=—xkx;v—ykyy

—X kxx —ykxy=mxX

— X kxy—vykyy=my
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—x kxy —ykyy=my
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—

mxix+xkxx+ykxy =0
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Vibracion amortiguada forzada.

Funcion de transferencia

in52)= Clear[Gs, m, k, ¢, wn, ]
1

Gs =
m(sz+2§wns+wn2)

1

out[53]=
m (s2+25§wn+wn2)

Respuesta a un impulso

Si &> |

ins4)= Clear[m, k, ¢, Fs, Xs]

Fs = e S t0
Xs = Gs Fs
outjs5]= 1

1

out[56]=
m <sz+25§wn+wn2)

k
In[57]= Wn = -
m

c
g =
4mk
27
Tn = —
wn
k
Out[57]= —
m
c
Out[58]=
2+ km
27
out[s9]= ———
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In[60]:=

out[60]=

In61]:=

In[65]:=

Out[65]=

out[66]=

out[67]=

out[68]=

Apart[Gs]

2 <k—cs+msz> _2k(k—cs+ms2> +2 (k+cs+m52) +2k(k+cs+msz)

m=10;
k =100;
300;
t0=0;

(o]

g//N

Xs

xt = InverselaplaceTransform[Xs, s, t]

Grafical = Plot[xt, {t, 0, 5 n}, PlotRange —» All]

4.74342
1

10 (10+305+s2)
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Sig= |

In[69]:=

out[70]=

out[71]=

In[72]:=

out[72]=

out[73]=

out[74]=

In[75]:=

out[75]=

In[76]:=

Out[80]=

Clear[m, k, c, Fs, Xs]

Fs = ¢S t0

Xs =Gs Fs
1
1
k
(e} KS
m | £+ + 82
m Vkm
k
wn = -

m

c

= ——

Vadmk

th = —
wn

Apart[Gs]

k
1 m

Vkm
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[t

2<k—cs+msz> 2k<k—cs+ms2>

m=10;

k =100;

c = 63.2456;
t0=0;
g//N

1.

2 (k+cs+ms2)

2k(k+cs+msz)
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InB1:= Xs
xt = InverselaplaceTransform[Xs, s, t]
Grafica2 = Plot[xt, {t, O, 5 tn}, PlotRange » All, PlotStyle -» Red]

1

Out[81]=
10 (10 +6.32456 5 + s?)

1
ougzs —— (-129.976 @ 3-16513¢ + 129,976 e 315843 ¢)
10
0,012
0.010}
0.008 |
Out[83]= 0.006

0.004

0.002 |

ing4:= Show[{Grafical, Grafica2}]
0.012}

0.010 :
0.008 :
Out[84]= 0.006
0.004

0.002 |-




Sig< |

In[85]:=

out[86]=

out[87]=

In[88]:=

out[88]=

out[89]=

Out[90]=

In[91]:=

Out[91]=

In[92]:=

Out[96]=

Clear[m, k, c, Fs, Xs]

Fs = ¢S t0

Xs =Gs Fs
1
1
k
(e} KS
m | £+ + 82
m Vkm
k
wn = -

m

c

= ——

Vadmk

th = —
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k
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[t

2<k—cs+msz> 2k<k—cs+ms2>

m=10;
k = 500;
c=30;
t0=0;
g//N
0.212132

2 (k+cs+ms2)

2k(k+cs+msz)
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In71:= X8
xt = InverselaplaceTransform[Xs, s, t]

Grafica3 = Plot[xt, {t, O, 5 tn}, PlotRange » All, PlotStyle - Green]

1

out[97]=
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e3t/2 3in [ V19l ¢t t}
out[98]= z
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in100;= Show[Grafical, Grafica2, Grafica3]
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in01:= Manipulate [

1
Gs = ;
m(sz+2§wns+wn2)
k
wn = -
m
c
E=—;
Vamk
27
th= —;
wn

Fs=Fest;

Xs =GsFs;

xt = InverselaplaceTransform[Xs, s, t];
Plot[Evaluate[xt], {t, 0, 20}, PlotRange - All]

, {F, 0, 100}, {tO0, 0, 20}, {c, O, 100}, {k, 1, 1000}]
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in102)= Manipulate [

1
Gs = ;
m(sz+2§wns+wn2)
k
wn = -
m
c
= —;
Vamk
27
th= —;
wn
wee—sto
Fs=F ———;
s? + we?
Xs = Gs Fs;

xt = InverselaplaceTransform[Xs, s, t];
Plot[Evaluate[xt], {t, 0, 100}, PlotRange -» All]

, {we, 0, 4}, {F, 0, 100}, {t0, O, 20}, {c, 0, 100}, {k, 1, 1000} ]
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out[102]=
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n3r= Clear [kxx, kxy, kyy, matK, matM, m, k1, 61, k2, 62, k3, 63, k4, 64]

Datos

4= k1 =100;

6l =45°;
k2 =10;
62 =120 °;
k3 =100;
63 =200 °;
k4 =100;
64 =-31°;
m=10;

ni3= matM = {{m, 0}, {0, m}};
matM // MatrixForm
Out[14]//MatrixForm=
( 10 0 )
0 10

ni15)= Inverse[matM] // MatrixForm

Out[15]//MatrixForm=

1
100]
1
0

niter= matK = {{kxx, kxy}, {kxy, kyy}}’
matK // MatrixForm

Out[17]//MatrixForm=
( kxx kxy )

kxy kyy
ini1el= matDin = Inverse [matM] .matK
matDin // MatrixForm
kxx  kxy kxy kyy
e ({2 T Cr )
10 10 10 10
Out[19]//MatrixForm=
kxx  kxy
10 10
kxy  kyy
10 10



2 | vibraciones Lisajous.nb

In[20]:=

out[20]=

Out[21]=

Out[22]=

In[23]:=

Out[23]=

In[24]:=

Out[24]=

Out[25]=

In[26]:=

Out[26]=

out[27]=

In[28]:=

out[28]=

out[29]=

kxx = k1 (Cos[61])? + k2 (Cos[62])® + k3 (Cos[63])% + k4 (Cos[64])?
kyy = k1 (Sin[e1])?+k2 (Sin[62])? +k3 (Sin[63])” + k4 (Sin[e4])?
kxy = k1 Sin[61] Cos[61] +k2 Sin[62] Cos[62] + k3 Sin[63] Cos[63] + k4 Sin[64] Cos[64]

5
+100Cos[20°]2+100Cos[31°]2

5
+100Sin[20 °]2+ 100 Sin[31 °]>2
2

543

3
50 -
2

+100 Cos[20°] Sin[20 °] - 100 Cos[31 °] Sin[31 °]

{Valores, Vectores} = Eigensystem[Inverse[matM] .matK] // Simplify // N
{{22.3167, 8.6833}, {{3.78597, 1.}, {-0.264133, 1.}}}

Al = Valores[[1]]
A2 = Valores[[2]]

22.3167
8.6833

wl=21 //N
w2=vY2A2 //N

4.72406

2.94674

Vectores[[1
Vecl [(1]]

// Simplify // N
Norm[Vectores[[1]]]

Vectores[[2
Vec2 [[2]]

// Simplify // N
Norm[Vectores[[2]]]

{0.966842, 0.255375}

{-0.255375, 0.966842}
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o= Unitariol = Graphics[{RGBColor[1l, 0, 0], Arrow[{{O, O}, Vecl}]}]:
Unitario2 = Graphics[{RGBColor[1l, 0, 0], Arrow[{{0, 0}, Vec2}]1}];
vectI = Graphics[{RGBColor[0, O, 0], Arrow[{{O, O}, {1, O}}1}1~
vectd = Graphics[{RGBColor[0, O, 0], Arrow[{{O, O}, {O, 1}}1}1~
SistRef = {vectI, vectd, Unitariol, Unitario2};

Show [SistRef]

A

Out[35]=

inzel= Veel.Vec2 // Simplify // Chop

out3el= 0

n371= Cl = Transpose[{Vecl, Vec2}]
ougs7= {{0.966842, -0.255375}, {0.255375, 0.966842}}

n3si= C1 // MatrixForm
matDiag = Inverse[Cl] .matDin.Cl // FullSimplify
matDiag // MatrixForm // Chop

Out[38]//MatrixForm=
(0.966842 -0.255375 )
0.255375 0.966842

oupse- {{22.3167, 0.}, {-8.88178x 10715, 8.6833}}

Out[40]//MatrixForm=
( 22.3167 0 )
0 8.6833

4= DiagonalMatrix[{Al, A2}] // N // Chop
oua1= {{22.3167, 0}, {0, 8.6833}}

n421= Chop[matDiag] == N[DiagonalMatrix[{Al, A2}]]

outa2= True
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n43;= {xsol, ysol} = Al Vecl Sin[wl t - ¢1] + A2 Vec2 Sin[w2 t - ¢2]
ou4s= {0.966842 A1 Sin[4.72406 t -¢l] - 0.255375A2 Sin[2.94674 t - 927,
0.255375A1 Sin[4.72406t -¢1] +0.966842 A2 Sin[2.94674 t - ¢2]}

4= xsol // Simplify
ysol // Simplify
oua4l= 0.966842 A1 Sin[4.72406t - ¢1l] —0.255375A2 Sin[2.94674 t - ¢2]

ou4s= 0.255375 A1 Sin[4.72406t - ¢1] + 0.966842 A2 Sin[2.94674 t - ¢2]

n46:= matK // Simplify // MatrixForm
Out[46]//MatrixForm=

395 1 50 Cos[40 °] +50 Sin[28 °] 50 - 23 _50 Cos[28 °] +50 Sin[40 °]
50 - 23 _ 50 Cos[28 °] + 50 Sin[40 °] 45 _ 50 Cos[40 °] - 50 Sin[28 °]

In47)= Xsol

ous7= 0.966842 A1 Sin[4.72406t - ¢1] - 0.255375A2 Sin[2.94674 t - ¢2]

In48:= Xsol

ysol
outagl= 0.966842 A1 Sin[4.72406 t - ¢1l] - 0.255375A2 Sin[2.94674 t - ¢2]

outa9)= 0.255375 A1 Sin[4.72406t -¢1l] +0.966842 A2 Sin[2.94674 t - ¢2]

nsop= x0=0.1;

vx0=1;
y0=-0.1;
vy0 =-1;

Soll = Solve][
{xsol == x0, D[xso0l, t] == vx0, ysol == yO, D[ysol, t] ==vy0} /. t >0, {Al, A2, ¢1, ¢2}]
{xSoll, ySoll} = {xsol, ysol} /. Soll[[1]] // N

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution information. >
ousa= {{A1l - -0.166565, A2 - -0.432402, ¢1 - 2.70026, 92 - -0.286564},

{A1 - 0.166565, A2 - -0.432402, ¢1 - -0.441329, ¢2 - -0.286564},

{Al - -0.166565, A2 - 0.432402, ¢1 - 2.70026, ¢2 - 2.85503},

{A1 - 0.166565, A2 - 0.432402, ¢1 - -0.441329, ¢2 - 2.85503}}

outssl= {0.161042 Sin[2.70026 -4.72406t] +0.11042535in[0.286564 +2.94674t],
0.0425364 Sin[2.70026 -4.72406t] -0.418064 5in[0.286564 +2.94674 t]}
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n57:= Show[Lisajous, SistRef, PlotRange —» All]

out[57]=
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Simulacion

inise= PuntoTrabajo = Graphics[Locator[{xSoll, ySoll}]]:
Table[Show[Lisajous, SistRef, PuntoTrabajo, PlotRange -» All], {t, 0, 20, 0.1}];

ListAnimate[%]

3 MERIE]

out[60]=

Simulacion 3D

inggl= Lisajous3D =
ParametricPlot3D[{0.01Sin[V5 t], 0.01sin[v7 t], 0.01sin[v27 t]}, {t, 0, 100}]
PuntoTrabajo2 = Graphics3D[{Magenta, AbsolutePointSize[10],
Point[{0.018in[V5 t], 0.01sin[V7 t], 0.018in[V27 t]}]}]:
Table[Show[Lisajous3D, PuntoTrabajo2, PlotRange —»
{{-0.015, 0.015}, {-0.015, 0.015}, {-0.015, 0.015}}], {t, 0, 25, 0.01}1;
ListAnimate[%]

(*Export["Conferenca2.avi",h %] %)
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ineel= Lisajous3D =
ParametricPlot3D[e*-* {0.01sin[V5 t], 0.018in[V7 t], 0.018in[V27 t]},
{t, 0, 100}, PlotRange -» All, PlotStyle » {Cyan, Dashed, Opacity[0.5] }]

PuntoTrabajo2 = Graphics3D[{Magenta, AbsolutePointSize[10],

Point[e™® 1t {0.01sin[V5 t], 0.018in[V7 t], 0.01sin[V27 t]}]}]:
Table[Show[Lisajous3D, PuntoTrabajo2, PlotRange -

{{-0.015, 0.015}, {-0.015, 0.015}, {-0.015, 0.015}}], {t, 0, 25, 0.1}];
ListAnimate[%]

(#Export["Conferenca3.avi",6 %] %)

0.010

0.005

Out[96]=

0.000

-0.005
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out[99]=
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ines)= Show[Graphics3D[{Cylinder[]}]]

out[65]=




DiscretizeGraphics[Cylinder[]]

I:=

In[66






