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Una cuerda con carga distribuida
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θ i+1

θ i

T i+1

T i

ρ A g ds



−𝑇𝑖𝐶𝑜𝑠 𝜃𝑖 +𝑇𝑖+1 𝐶𝑜𝑠 𝜃𝑖+1 = 0

−
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑠 = 𝑇𝑎𝑛 𝜃𝑖+1 − 𝑇𝑎𝑛 𝜃𝑖

𝑇𝑖+1𝐶𝑜𝑠 𝜃𝑖+1 = 𝑇𝑖𝐶𝑜𝑠 𝜃𝑖 = 𝑇ℎ



−
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑠 =

𝑑𝑦

𝑑𝑥𝑖+1
−
𝑑𝑦

𝑑𝑥𝑖

−
𝑔 𝜌 𝐴

𝑇ℎ
1 +

𝑑𝑦

𝑑𝑥

2

𝑑𝑥 =
𝑑𝑦

𝑑𝑥𝑖+1
−
𝑑𝑦

𝑑𝑥𝑖

−
𝑔 𝜌 𝐴

𝑇ℎ
1 +

𝑑𝑦

𝑑𝑥

2

=
𝑑2𝑦

𝑑𝑥2



−
𝑔 𝜌 𝐴

𝑇ℎ
1 +

𝑑𝑦

𝑑𝑥

2

=
𝑑2𝑦

𝑑𝑥2

−
𝑔 𝜌 𝐴

𝑇ℎ
1 + 𝑢2 =

𝑑𝑢

𝑑𝑥

−
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑥 =

𝑑𝑢

1 + 𝑢2

−
𝑔 𝜌 𝐴

𝑇ℎ
𝑥 + 𝐶1 = 𝐴𝑟𝑐𝑆𝑖𝑛ℎ 𝑢



𝑢 = 𝑆𝑖𝑛ℎ −
𝑔 𝜌 𝐴

𝑇ℎ
𝑥 + 𝐶1

𝑑𝑦

𝑑𝑥
= 𝑆𝑖𝑛ℎ −

𝑔 𝜌 𝐴

𝑇ℎ
𝑥 + 𝐶1

𝑦 = 𝐶2 +
Th

𝐴𝑔𝜌
Cosh

𝐴 𝑔 𝜌

Th
𝑥 − 𝐶1
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Con condiciones de frontera se puede encontrar 
las constantes de la solución particular.

𝑦 0 = 0, 𝑦 𝐿 = 0



Una cuerda fuera del equilibrio

x

y

x
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θ i+1

θ i T i+1

T i
ρ A g ds << 1



−𝑇𝑖𝐶𝑜𝑠 𝜃𝑖 +𝑇𝑖+1 𝐶𝑜𝑠 𝜃𝑖+1 = 0

𝑇𝑖+1𝐶𝑜𝑠 𝜃𝑖+1 = 𝑇𝑖𝐶𝑜𝑠 𝜃𝑖 = 𝑇ℎ

𝑇𝑖+1𝑆𝑖𝑛 𝜃𝑖+1 − 𝑇𝑖𝑆𝑖𝑛 𝜃𝑖 − 𝑔 𝜌 𝐴 𝑑𝑥 = 𝜌 𝐴 𝑑𝑥
𝑑2𝑦

𝑑𝑡2

𝑇𝑎𝑛 𝜃𝑖+1 − 𝑇𝑎𝑛 𝜃𝑖 −
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑥 =

𝜌 𝐴

𝑇ℎ
𝑑𝑥

𝑑2𝑦

𝑑𝑡2



𝑇𝑎𝑛 𝜃𝑖+1 − 𝑇𝑎𝑛 𝜃𝑖 =
𝜌 𝐴

𝑇ℎ
𝑑𝑥

𝑑2𝑦

𝑑𝑡2
+
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑥

𝑑𝑦

𝑑𝑥𝑖+1
−
𝑑𝑦

𝑑𝑥𝑖
=

𝜌 𝐴

𝑇ℎ

𝑑2𝑦

𝑑𝑡2
−
𝑔 𝜌 𝐴

𝑇ℎ
𝑑𝑥

𝑑2𝑦

𝑑𝑥2
=

𝜌 𝐴

𝑇ℎ

𝑑2𝑦

𝑑𝑡2
−
𝑔 𝜌 𝐴

𝑇ℎ



𝑑2𝑦

𝑑𝑥2
=

𝜌 𝐴

𝑇ℎ

𝑑2𝑦

𝑑𝑡2
−
𝑔 𝜌 𝐴

𝑇ℎ

𝑑2𝑦

𝑑𝑡2
=

𝑇ℎ

𝜌 𝐴

𝑑2𝑦

𝑑𝑥2

𝑑2𝑦

𝑑𝑡2
= 𝑎2

𝑑2𝑦

𝑑𝑥2
𝑎2 =

𝑇ℎ

𝜌 𝐴



x

y

𝑦𝑡𝑡 = 𝑎2𝑦𝑥𝑥 𝑥 ∈ 0, 𝐿 , 𝑡 ≥ 0

𝑦(0, 𝑡) = 𝑦(𝐿, 𝑡) = 0 𝑡 ≥ 0

𝑦(𝑥, 0) = 𝛼(𝑥) 𝑦𝑡 (𝑥, 0) = 𝛽(𝑥) 𝑥 ∈ (0, 𝐿)



𝑦𝑡𝑡 = 𝑇’’(𝑡)𝑋(𝑥)

𝑦 = 𝑇(𝑡)𝑋(𝑥)

𝑦𝑥𝑥 = 𝑇(𝑡)𝑋’‘(𝑥)

𝑇’’ 𝑡 𝑋 𝑥 = 𝑎2 𝑇(𝑡)𝑋’‘(𝑥)

𝑇’’ 𝑡

𝑇(𝑡)
= 𝑎2

𝑋’‘(𝑥)

𝑋 𝑥
= 𝜆2



𝑇’’ 𝑡

𝑇(𝑡)
= 𝑎2

𝑋’‘(𝑥)

𝑋 𝑥
= 𝜆2

𝑇’’ 𝑡

𝑇(𝑡)
= −𝜆2 𝑎2

𝑋’‘(𝑥)

𝑋 𝑥
= −𝜆2



𝑇’’ 𝑡 + 𝜆2𝑇 𝑡 = 0

𝑎2 𝑋’‘ 𝑥 + 𝜆2 𝑋 𝑥 = 0

𝑋(𝑥) = 𝐴 𝑆𝑖𝑛
𝜆

𝑎
𝑥 + 𝐵 𝐶𝑜𝑠

𝜆

𝑎
𝑥

𝑇(𝑡) = 𝐶 𝑆𝑖𝑛 𝜆 𝑡 + 𝐷 𝐶𝑜𝑠 𝜆 𝑡



𝑋(𝑥) = 𝐴 𝑆𝑖𝑛
𝜆

𝑎
𝑥 + 𝐵 𝐶𝑜𝑠

𝜆

𝑎
𝑥

𝑇(𝑡) = 𝐶 𝑆𝑖𝑛 𝜆 𝑡 + 𝐷 𝐶𝑜𝑠 𝜆 𝑡

𝑋(0) = 0 → 𝐵 = 0

𝑋 𝐿 = 0 → 𝑆𝑖𝑛
𝜆

𝑎
𝐿 = 0 →

𝜆

𝑎
𝐿 = 𝑛 𝜋

𝜆 =
𝑛 𝜋 𝑎

𝐿



𝑋𝑖(𝑥) = 𝐴𝑖 𝑆𝑖𝑛
𝑛 𝜋

𝐿
𝑥

𝑇𝑖(𝑡) = 𝐶 𝑆𝑖𝑛
𝑛 𝜋 𝑎

𝐿
𝑡 + 𝐷 𝐶𝑜𝑠

𝑛 𝜋 𝑎

𝐿
𝑡

𝑦 = 𝑋 𝑥 𝑇 𝑡

𝑦 𝑥, 𝑡 =  

𝑛=1

∞

𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑎𝑛𝐶𝑜𝑠

𝑛𝜋𝑎

𝐿
𝑡 + 𝑏𝑛𝑆𝑖𝑛

𝑛𝜋𝑎

𝐿
𝑡



𝑦 𝑥, 𝑡 =  

𝑛=1

∞

𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑎𝑛𝐶𝑜𝑠

𝑛𝜋𝑎

𝐿
𝑡 + 𝑏𝑛𝑆𝑖𝑛

𝑛𝜋𝑎

𝐿
𝑡

𝑎𝑛 =
2

𝐿
 
0

𝐿

𝛼 𝑥 𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝑏𝑛 =
2

𝑎 𝑛 𝜋
 
0

𝐿

𝛽 𝑥 𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑑𝑥



𝑦 𝑥, 𝑡 =  

𝑛=1

∞

𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑎𝑛𝐶𝑜𝑠

𝑛𝜋𝑎

𝐿
𝑡 + 𝑏𝑛𝑆𝑖𝑛

𝑛𝜋𝑎

𝐿
𝑡

𝑐𝑜𝑠(𝑥 − 𝑦) = 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

𝑝𝑛 = 𝑎𝑛
2 + 𝑏𝑛

2

𝑦(𝑥, 𝑡) =  

𝑛=1

∞

𝑝𝑛 𝑠𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑐𝑜𝑠

𝑛𝜋

𝐿
𝑎 (𝑡 − 𝛾)



𝑦 𝑥, 𝑡 =  

𝑛=1

∞

𝑆𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝑎𝑛𝐶𝑜𝑠

𝑛𝜋𝑎

𝐿
𝑡 + 𝑏𝑛𝑆𝑖𝑛

𝑛𝜋𝑎

𝐿
𝑡

𝑛𝜋

𝐿
𝑎 𝜏 = 2 𝜋

𝜏 =
2 𝐿

𝑛 𝑎

𝑓𝑛 =
1

𝜏
= 𝑛

𝑎

2 𝐿



𝑓𝑛 =
1

𝜏
= 𝑛

𝑎

2 𝐿

𝑎 =
𝑇𝑒𝑛𝑠𝑖ó𝑛 [𝑁]

𝑑𝑒𝑛𝑠𝑖𝑑𝑎𝑑 𝑙𝑖𝑛𝑒𝑎𝑙 [
𝑘𝑔
𝑚
]

𝑓𝑛 =
𝑛

2 𝐿

𝑇ℎ

𝜌 𝐴
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Una viga en voladizo, de sección constante



𝑑2

𝑑𝑥2
𝐸𝐼

𝑑2𝑦

𝑑𝑥2
= 𝑓(𝑥)

𝐸𝐼
𝑑4𝑦

𝑑𝑥4
= 𝑓(𝑥)

𝑀 = −𝐸𝐼
𝑑2𝑦

𝑑𝑥2

𝑄 = −
𝑑

𝑑𝑥
𝐸𝐼

𝑑2𝑦

𝑑𝑥2



ℒ = 𝑇 − 𝑉

ℒ =
1

2
𝜌𝐴

𝜕𝑦

𝜕𝑡

2

−
1

2
𝐸 𝐼

𝜕2𝑦

𝜕𝑥2

2

+ 𝑓 𝑥 𝑦(𝑥, 𝑡)

ℒ =
𝜌𝐴

2
𝑦𝑡

2 −
𝐸 𝐼

2
𝑦𝑥𝑥

2 + 𝑓 𝑦

ℒ =
𝜌𝐴

2
 𝑦2 −

𝐸 𝐼

2
𝑦𝑥𝑥

2 + 𝑓 𝑦



ℒ =
𝜌𝐴

2
 𝑦2 −

𝐸 𝐼

2
𝑦𝑥𝑥

2 + 𝑓 𝑦

𝜕ℒ

𝜕𝑦
= 𝑓

𝜕ℒ

𝜕  𝑦
= 𝜌𝐴  𝑦

𝜕ℒ

𝜕𝑦𝑥𝑥
= −𝐸 𝐼 𝑦𝑥𝑥

𝜕ℒ

𝜕𝑦
−

𝜕

𝜕𝑡

𝜕ℒ

𝜕  𝑦
+

𝜕2

𝜕𝑥2
𝜕ℒ

𝜕𝑦𝑥𝑥
= 0

𝑓 − 𝜌𝐴  𝑦 + −𝐸 𝐼 𝑦𝑥𝑥 𝑥𝑥 = 0



𝑓 − 𝜌𝐴  𝑦 + −𝐸 𝐼 𝑦𝑥𝑥 𝑥𝑥 = 0

𝜕2

𝜕𝑥2
𝐸𝐼

𝜕2𝑦

𝜕𝑥2
= −𝜌𝐴

𝜕2𝑦

𝜕𝑡2
+ 𝑓 𝑥

𝐸𝐼
𝜕4𝑦

𝜕𝑥4
= −𝜌𝐴

𝜕2𝑦

𝜕𝑡2
+ 𝑓 𝑥

𝐸𝐼
𝜕4𝑦

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑦

𝜕𝑡2
= 0



𝐸𝐼
𝜕4𝑦

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑦

𝜕𝑡2
= 0

𝐸𝐼 𝐹 𝑦 𝑖𝑣 𝐺 𝑡 + 𝜌𝐴 𝐹 𝑦 𝐺 𝑡 ′′ = 0

𝐸𝐼

𝜌𝐴

𝐹 𝑦 𝑖𝑣

𝐹 𝑦
= 𝜔2 = −

𝐺 𝑡 ′′

𝐺 𝑡

𝐸𝐼

𝜌𝐴
𝐹 𝑦 𝑖𝑣 − 𝜔2𝐹 𝑦 = 0

𝐺 𝑡 ′′ + 𝜔2 𝐺 𝑡 = 0



𝐸𝐼

𝜌𝐴
𝐹 𝑦 𝑖𝑣 − 𝜔2𝐹 𝑦 = 0

𝐹 𝑥
= 𝐶1 𝑐𝑜𝑠 𝛽 𝑥 + 𝐶2 sin 𝛽 𝑥 + 𝐶3 𝑐𝑜𝑠ℎ (𝛽 𝑥)
+ 𝐶4 𝑠𝑖𝑛ℎ(𝛽 𝑥)

𝛽 =
𝜌𝐴 𝜔2

𝐸 𝐼

1/4

𝐺 𝑡 ′′ + 𝜔2 𝐺 𝑡 = 0

𝐺 𝑡 = 𝐶5 𝑐𝑜𝑠 𝜔 𝑡 + 𝐶6 sin(𝜔 𝑡)



𝑌(𝑥, 𝑡) = 𝐹(𝑥)𝐺(𝑡)

𝐺 𝑡 = 𝐶5 𝑐𝑜𝑠 𝜔 𝑡 + 𝐶6 sin(𝜔 𝑡)

𝐹𝑛 𝑥
= 𝐶1 𝑐𝑜𝑠 𝛽𝑛 𝑥 + 𝐶2 sin 𝛽𝑛 𝑥
+ 𝐶3 𝑐𝑜𝑠ℎ(𝛽𝑛 𝑥) + 𝐶4 𝑠𝑖𝑛ℎ(𝛽𝑛 𝑥)

𝛽 =
𝜌𝐴 𝜔𝑛

2

𝐸 𝐼

1/4



Condiciones de Frontera.

𝑆𝑖 𝑥 = 0, 𝐹𝑛 0 = 0, 𝐹′ 0 = 0
𝑆𝑖 𝑥 = 𝐿, 𝐹′′𝑛 𝐿 = 0, 𝐹′′′ 0 = 0

𝑐𝑜𝑠ℎ 𝛽𝑛 𝑥 𝑐𝑜𝑠(𝛽𝑛 𝑥) + 1 = 0

𝐹𝑛 𝑥 = 𝐶1 𝑐𝑜𝑠 𝛽𝑛 𝑥 + 𝐶2 sin 𝛽𝑛 𝑥



Modos de vibración

http://en.wikipedia.org/wiki/Euler%E2%80%93Bernoulli_beam_theory#mediavie
wer/File:Beam_mode_6.gif

http://en.wikipedia.org/wiki/Euler%E2%80%93Bernoulli_beam_theory


𝜔𝑛 = 11.0
𝐸 𝐼

𝜇 𝐿

𝜔𝑛 = 𝐹𝑟𝑒𝑐𝑢𝑒𝑛𝑐𝑖𝑎 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙
𝑟𝑎𝑑

𝑠𝑒𝑔2

𝐸 = 𝑀ó𝑑𝑢𝑙𝑜 𝑑𝑒 𝑌𝑜𝑢𝑛𝑔 𝑑𝑒𝑙 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 [𝑃𝑠𝑖]
𝐼 = 𝑀𝑜𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑒𝑟𝑐𝑖𝑎 𝑑𝑒 𝑙𝑎 𝑠𝑒𝑐𝑐𝑖ó𝑛 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙 𝑖𝑛4

𝜇 = 𝑚𝑎𝑠𝑎 𝑝𝑜𝑟 𝑢𝑛𝑖𝑑𝑎𝑑 𝑑𝑒 𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑
𝑙𝑏𝑚

𝑖𝑛
𝐿 = 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑 𝑑𝑒 𝑙𝑎 𝑣𝑖𝑔𝑎 [𝑖𝑛]



 

modo "clang" 

modo fundamental 

Figura 7. El modo fundamental y el modo “clang” de un diapasón. 

La frecuencia del modo clang es aproximadamente 6 veces la 

frecuencia del modo fundamental. 
 

http://en.wikipedia.org/wiki/Euler%E2%80%93Bernoulli_beam_theory#mediaviewer/File:
Beam_mode_6.gif

http://en.wikipedia.org/wiki/Euler%E2%80%93Bernoulli_beam_theory




•En la atmosfera terrestre es de 343 [m/s] (a 
20 [°C] de temperatura, con 50% de humedad y 
a nivel del mar.
•En el agua (a 25 °C) es de 1493 m/s.
•En la madera es de 3700 m/s.
•En el hormigón es de 4000 m/s.
•En el acero es de 6100 m/s.
•En el aluminio es de 6400 m/s.

Velocidad del sonido.







https://www.youtube.com/watch?v=iIQFb9PRbmk

https://www.youtube.com/watch?v=iIQFb9PRbmk
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